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\noindent

{\bf Extended abstract:} Consider the linear time-invariant time-delay system (TDS)

\begin{eqnarray} \frac{\mathrm{d}\mathbf{x}(t)}{\mathrm{d}t} &=& A_0 \mathbfix}(t) + \sum"{N_1}{j=1} A_j
\mathbf{x}(t - \tau_j) + \sum™{N_2}{j=1} B_j \mathbffu}(t-t_j), \\ \mathbf{y}(t) &=& \sum"{N_3Kj=1} C_j \mathbf{x}(t-
s_j) + \sum™{N_4}{j=1} D_j \mathbf{u)(t-h_j), \end{eqnarray}

where x(t) € C" and u(t) € C" are state and control vectors, respectively, at a time ¢, (A;, B;, Ci, D;) €
CT" x C™*™ x C™*" x C™*™ and (7, ti, Si, h;) are time-delay parameters. A system matrix S()) and the
transfer function M((\) of the TDS are given by

$S(A) := { —AC('E\))\) 13;8\; ] and M(A) := [D(A)+C(A)A(A) "' B()\)],where A(\lambda) := \lambda I_r
-A_0-\sum™{N_1}{j=1} A_j e*{-\lambda \tau_j}, B\lambda) := \sum"{N_2Kj=1} B_j e"{-\lambda t_j},C(\lambda)
=\sum™{N_3}{j=1) C_je*{-\lambda s_jjand D(\lambda) := \sum"{N_4}{j=1} D_j e*{-\lambda h_j}areentirematriz—
valuedfunctions.

Our main aim is two-fold. First, to study the canonical forms of \mathdf{S}(\lambda) and
\mathbf{M}(\lambda) so as to analyze zeros and poles of the TDS. Second, to investigate system
equivalence, that s, if \mathb f{S} 1(\lambda)and\mathbflS]_2(\lambda)aresystemmatricesoftime — delaysystems,th

We show that \mathbf{ M }(\lambda) admits a Smith-McMillan form \ Sigma{\mathbf{M}}(\lambda)
given by
1 (N)/P1 (M)
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where \phi_1, \ldots, \phi_p and \psi_1, \ldots, \psi_p are entire functions, \phi_j and \psi_j are rel-

atively prime. Further, \phi_j divides \phi_{j + 1} and \psi_{j + 1} divides \psi_jforj =1:p—1.

Furthermore, \phi_1, \cdots, \phi_p and \psi_1, \ldots, \psi_p are given by ¢;(\) = [[,o, (A —

o) 2150 (N) and 5 (N) = [oo; (A—p1e)% v (N) where u_{j\elll, v_{j\ell} areentire functionswithnozerosin\mathbt
negativeintegers forj=1:pand\ell \in \mathbb{N}.

We also show that \mathbf{M}(\lambda) admits a right coprime matrix-fraction description (MFD),

that is, there exist entire matrix-valued functions N (\lambda) and D(\lambda) such that N (\lambda)

and D(\lambda) are right coprime, D(\lambda) is regular, and M(\) = N(\)D(\)~!. Further,\sigma_{\mathbb{C}}(\mathb:
=\sigma_{\mathbb{C}}(N)and\wp_{\mathbb{C}}(\mathbf{M}) = \sigma_{\mathbb{C}}(D),where\sigma_{\mathbb{C}(X)isthespe
valuedfunctionX(\lambda).

For system matrices, we show that S1 () ~yse Sa(A) <= S1(A\) ~fse Sa2(A).Further, i f\mathbf{S}1(\lambda)and\mathbf]S,
\sim{rse} \mathbf{S}2(\lambda) \Longleftrightarrow \mathbf{S})_1(\lambda) \text{ and } \mathbflS}_2(\lambda)havethesametran
M cMillan formo f\mathbf{M}(\lambda)asgivenabove, thenweshowthatto

SA(A) =1l p® diag(wp()‘)7 %—1 ()‘)7 wl (A))

Ss(A) = Lddiag(d1(N), - - -, &p(X))B0m,—p n—pare the Smith forms of A(\lambda) and \mathbf{S}(\lambda),
respectively. Hence we show that \ sigma_{\mathbb{C}}(\mathbf{M?}) = \sigma_{\mathbb{C}}(\mathbf{S})

and \wp_{\mathbb{C}}(\mathbf{M}) = \sigma_{\mathbb{C}}(A).
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